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ON THE BJO¨RLING PROBLEM FOR LIGHTLIKE CURVES IN
R
4
1
ANTONIO DE PADUA FRANCO FILHO AND ALEXANDRE
LYMBEROPOULOS
ABSTRACT. In this work we provide necessary and sufficient con-
ditions for the existence of a minimal timelike strip in Lorentz-
Minkowski space R41 containing a given lightlike curve and pre-
scribed normal bundle. We also discuss uniqueness of solutions.
1. INTRODUCTION
The classical Bjo¨rling problem can be formulated as follows: given
a real analytic curve α : I ⊂ R → R3 and a unit normal vector field
V : I → R3, along α, determine a minimal surface containing α(I)
such that its normal vector along the curve is V. The problem was
firstly posed and solved by Bjo¨rling himself in [3] (1844) with some
refinement provided by Schwarz in [10] (1875).
Since then, many generalizations of this problem appeared in sev-
eral Riemannian and pseudo-Riemannian ambient manifolds. In R31
Alas, Chavez and Mira studied maximal spacelike surfaces in [1]
and timelike minimal surfaces were studied by Chavez, Dussan and
Magid in [4], where both existence and uniqueness of solutions are
stablished. Analogous results are proved in R41, for spacelike sur-
faces in [2] by Asperti and Vilhena and, for timelike surfaces, in [7]
by Dussan, Padua and Magid. The same holds for timelike surfaces
in R42 (see [8]). On Riemannian or Lorentzian Lie Groups, Mercuri
and Onnis, in [9], and Cintra, Mercuri and Onnis, in [6], also ob-
tained result on existence and uniqueness of solutions, but couldn’t
provide explicit parametrizations. In all those papers the authors
make use of some kind of Weierstrass representation formula, over
complex or split-complex domains.
In this work, without use of those complex or split-complex rep-
resentations, we provide necessary and sufficient conditions for the
existence of a solution for the Bjo¨rling problem for a timelike surface
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in R41, when the prescribed curve is lightlike. In this case we cannot
expect uniqueness of solutions, which be shown to be a certain lift of
a Tchebyshev net in euclidean space R3.
2. ALGEBRAIC PRELIMINARIES AND THE TWO KINDS OF
TCHEBYSHEV NETS
The space R41 is the vector space R
4 equipped with the following
semi-Riemannian metric tensor:
ds21 = −dx
0 ⊗ dx0 + dx1 ⊗ dx1 + dx2⊗ dx2 + dx3 ⊗ dx3.
We also write it in the standard inner product notation 〈v,w〉 =
ds21(v,w). The standard basis of R
4
1 will be denoted by {∂0, ∂1, ∂2, ∂3}
and we set ǫi = 〈∂i, ∂i〉. If v =
4
∑
i=1
vi∂i, we have vi = ǫi〈v, ∂i〉. A
spacelike plane V of the space R41 is a 2-dimensional subspace for
which the induced bilinear form is positive-definite.
Let {a, b} be an orthonormal basis of a spacelike plane V ⊂ R41
and consider the unit timelike vector
(1) τ =
1√
1+ a20 + b
2
0
(
∂0 + a0a+ b0b
)
Denoting the standard wedge product in R41 by ∧ and setting ∆ij =
aibj − ajbi for 0 ≤ i, j ≤ 3, we have the unit spacelike vector
(2) ν = −τ ∧ a ∧ b = ∆23∂1 − ∆13∂2 + ∆12∂3.
The 2-dimensional vector subspace T = span{τ, ν} is a timelike
planewhich is the orthogonal complement ofV. The 4-uple (τ, a, b, ν)
is a positive and future-directed Minkowski frame.
Indeed, 〈τ, τ〉 = −1 and τ0 =
√
1+ a20 + b
2
0 ≥ 1 with 〈τ, a〉 =
0 = 〈τ, b〉. We also have that ν0 = 0, and 〈ν, ν〉 = 1, because the
set {τ, a, b} is an orthonormal subset of R41. For each lightlike vector
L = (L0, L1, L2, L3), that is, L 6= 0 and 〈L, L〉 = 0, we define its
projection onto the sphere S2 ⊂ {0} ×R3 by the formula:
(3) π(L) = (0, L1/L0, L2/L0, L3/L0).
The vectors τ∓ ν are lightlike. Hence we set
n0 = π(τ − ν) = (1/τ0)(τ − ν)− ∂0 and
n3 = π(τ + ν) = (1/τ0)(τ + ν)− ∂0(4)
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to define a trigonometric angle θ ∈]0,π] in V by
(5) cos θ = 〈n0, n3〉 = 1−
2
τ20
=
a20 + b
2
0 − 1
a20 + b
2
0 + 1
.
Proposition 2.1. For the angle θ above we have
sin θ =
2
√
a20 + b
2
0
τ20
, sin(θ/2) =
1
τ0
, and cos(θ/2) =
√
a20 + b
2
0
τ0
.
The induced metric tensor of the timelike plane T = span{∂0 +
n0, ∂0 + n3}, in this isotropic basis, has matrix representation
gij =
[
0 −1+ cos θ
−1+ cos θ 0
]
=
[
0 −2/τ20
−2/τ20 0
]
.
The induced metric tensor of the plane E = span{n0, n3} ⊂ {0} ×
R
3 in this basis, has matrix representation
gˆij =
[
1 cos θ
cos θ 1
]
=
[
1 1− 2/τ20
1− 2/τ20 1
]
.
Now, when τ0 > 1 (that is, |a0|+ |b0| 6= 0) we define an orthonor-
mal basis {e˜1, e˜2} for the plane V by
(6) e˜1 =
1√
a20 + b
2
0
(a0a+ b0b) and e˜2 =
1√
a20 + b
2
0
(−b0a+ a0b).
We note that span{e˜2} = V ∩ {0} ×R
3. Setting
(7) e =
1
2 cos(θ/2)
(n0 + n3) ∈ S
2
we have the
Proposition 2.2. On the above conditions, the following relations on the
vectors of the (non-orthogonal) Minkowski frame {τ, e˜1, e, ν} hold:
τ =
1
τ0
(
∂0 +
√
a20 + b
2
0 e˜1
)
= τ0∂0 + τ0 cos(θ/2) e and
e˜1 = cot(θ/2) ∂0 + cosec(θ/2) e.
PROOF. The first identity comes from equations (4) and (7), where
we see that
cos(θ/2) e =
n0 + n3
2
= τ/τ0 − ∂0.
For the second one, observe that e˜1 is orthogonal to τ and ν. This
means that e˜1 = α∂0 + βe, for some α, β ∈ R. From Proposition 2.1,
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since ∂0 and e are mutually orthonormal, we have
α = −〈e˜1, ∂0〉 =
√
a20 + b
2
0 = cot(θ/2)
β = 〈e˜1, e〉 = τ0 = cosec(θ/2),
as stated. 
Now, we will define Tchebyshev nets as immersions in the Eu-
clidean vector space E = {0} ×R3 ⊂ R41.
Definition 2.3. We say that an immersion (M,X) from a connected
open subset M ⊂ R2 into the Euclidean space E is a Tchebyshev net
if and only if its first quadratic form ds2 = E(u, v)du2+ 2F(u, v)dudv+
G(u, v)dv2 is such that
E(u, v) = G(u, v) = 1 and F(u, v) = cos θ(u, v) ∈]− 1, 1[, for all (u, v) ∈ M.
Associated to each Tchebyshev net (M,X) there is a timelike isotropic
immersion (M, f ), the lift of X, from M into R41 defined by the for-
mula
f (u, v) = (u+ v)∂0 + X(u, v),
whose induced metric tensor is
gij( f ) =
[
0 −1+ F
−1+ F 0
]
=
[
0 −2 sin2(θ/2)
−2 sin2(θ/2) 0
]
If (M,X) is a Tchebyshev net, we consider the equivalent immer-
sion (M,X) obtained applying the linear change of coordinates T :
R
2 → R2 given by:
t = u+ v and s = −u+ v, such that dt ∧ ds = 2 du∧ dv.
That is, M = T(M) and
(8) X(t, s) = X
(
t− s
2
,
t+ s
2
)
= X(u, v).
Now the metric tensor is given by
ds2
X
= E dt2 + G ds2 = cos2(θ/2)dt2 + sin2(θ/2)ds2.
The correspondent lift immersion
f (t, s) = t∂0 + X(t, s)
has isothermal parameters where the induced metric is
ds2
f
= sin2(θ/2)(−dt2 + ds2).
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Theorem 2.4. Let f (u, v) = (u + v)∂0 + X(u, v) ∈ R
4
1 be a lift of a
Tchebyshev net. The vector fields
(9) e˜(u, v) =
1
sin θ(u, v)
(
(1+ cos θ(u, v)
)
∂0 + Xu(u, v) + Xv(u, v)
)
and
(10) e2(u, v) =
1
sin θ(u, v)
Xu(u, v)×R3 Xv(u, v)
form a spacelike orthonormal normal frame along S = f (M). Moreover,
the mean curvature vector H f (u, v) of the surface S is pointwise parallel to
the normal Gauss map e2(u, v) of the surface X(M) ⊂ E.
PROOF. Straightforward computations, using Tchebyshev net prop-
erties, show the algebraic aspects of the statement.
The coefficients of induced metric tensor on f (M) give the mean
curvature vector
(11) H f =
−1
2 sin2(θ/2)
fuv =
−1
2 sin2(θ/2)
Xuv,
which is orthogonal to e˜, hence parallel to e2. 
Proposition 2.5. The Gaussian curvature of a lift such as in Theorem 2.4
is
(12) K =
θuθv − θuv sin θ
(1− cos θ)2
.
PROOF. From [11, p. 443], the Gaussian curvature of a parametric
surface whose coordinates curves are lightlike is given by
K = −
1
g12
(
(g12)u
g12
)
v
.
In this case g12 = −1+ cos θ. 
Now we will give two examples of Tchebyshev nets, the first has
a lift with H f ≡ 0 and the second is not a critical surface of R
4
1.
Example 2.6 (Critical lift). Set U =] − π/2,π/2[2 and consider the
immersion X : U → E, given by
X(u, v) =
∫ u
0
(0, cos ξ, sin ξ, 0)dξ +
∫ v
0
(0, 0, sin ξ, cos ξ)dξ.
Direct calculations show that:
(i) the first quadratic form or metric tensor is
ds2 = du2 + 2 sin u sin vdudv+ dv2;
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(ii) the Gauss normal map is
e2(u, v) =
1√
1− sin2 u sin2 v
(0, sin u cos v,− cos u cos v, cos u sin v);
(iii) the second quadratic form is
B =
−1√
1− sin2 u sin2 v
(cos vdu2 + cos udv2); and
(iv) the Gaussian curvature is
K(u, v) =
cos u cos v
(1− sin2 u sin2 v)2
> 0.
The lift surface, f (u, v) = (u+ v)∂0+X(u, v), has vanishing mean
curvature: one can see this from Xuv = 0 in (11) or noting that f is a
sum of two lightlike curves (see [5, p. 68]).
Lemma 2.7. Let (W,Y) be an immersion from a connected open subset
W ⊂ R2 into E with induced metric given by
ds2Y = E(t, s)dt
2 + G(t, s)ds2.
The equivalent immersion (M,X) defined by X(u, v) = Y(u+ v,−u+ v)
is a Tchebyshev net if and only if
E(t, s) + G(t, s) = 1.
PROOF. We only need to observe that:
Xu(u, v) = Yt(u+ v,−u+ v)− Ys(u+ v,−u+ v),
Xv(u, v) = Yt(u+ v,−u+ v) + Ys(u+ v,−u+ v).
Hence
E(u, v) = G(u, v) = E(t, s) + G(t, s) and
F(u, v) = E(u+ v,−u+ v)− G(u+ v,−u+ v).
If E(t, s) + G(t, s) = 1 then E(u, v) = G(u, v) = 1 and, since
|F(u, v)| ≤ 1, we have a smooth real valued function θ(u, v) from
M such that F(u, v) = cos θ(u, v). The converse is trivial. 
Example 2.8 (Non-critical lift). Let Y :]− π,π[×I → E be the para-
metric surface given by
Y(t, s) =
(
0, x(s) cos t, x(s) sin t, y(s)
)
.
Suppose its metric tensor satisfies E(t, s) + G(t, s) = 1 and F(t, s) =
0. In this case, the lift surface f (t, s) = t∂0 +Y(t, s) is isothermal and
timelike. In terms of equation (11), to obtain a non critical surface
we must have the equivalent immersion X(u, v) satisfying Xuv 6= 0,
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that is, ftt − fss = Ytt − Yss 6= 0. The ordinary differential equation
imposed by the condition E(t, s) + G(t, s) = 1 is
x2(s) + (x′(s))2 + (y′(s))2 = 1.
The functions
x(s) =
1
2
tanh s and y(s) =
1
2
∫ s
0
√
4− tanh2 ξ − sech4 ξ dξ,
are a particular solution to this equation. Since, y′′ 6= 0, we have
ftt − fss 6= 0 and H f 6= 0.
Definition 2.9. We say that a Tchebyshev net (M,X) is a first kind a
Tchebyshev net if and only if
X(u, v) = p0 +
∫ u
0
T1(ξ)dξ +
∫ v
0
T2(ξ)dξ,
for any disjoint curves T1 : I → S
2 ⊂ E and T2 : J → S
2 ⊂ E such
that
{(u, v) ∈ I× J : T1(u) = T2(v)}∪{(u, v) ∈ I× J : T1(u) = −T2(v)} = ∅.
Remark: Example 2.6 above uses a Tchebyshev net of first kind.
3. THE CAUCHY PROBLEM FOR TCHEBYSHEV NETS AND TIMELIKE
MINIMAL SURFACES IN R41
Problem 3.1. Given a real analytic lightlike curve c : ]− r, r[⊂ R →
R
4
1 and a spacelike distribution D(t) = span
{
m(t), n(t)
}
normal
along this curve, establish necessary and sufficient conditions for the
existence of a timelike minimal immersion (M, f ) from an open and
connected subset M, where I × {0} ⊂ M ⊂ R2, such that
(1) the curve c is the coordinate curve f (t, 0) = c(t),
(2) the normal bundle of f (M) is the given distribution: Nc(t) f (M) =
D(t).
What can we say about uniqueness?
We start obtaining an integral representation for an isotropic time-
like minimal parametric surface S ⊂ R41. In other words, every time-
like minimal surface in R41 is the lift of a Tchebyshev net of first kind:
Theorem 3.2. For each timelike minimal surface S ⊂ R41 and each point
P0 ∈ S there exists an open connected subset I × J ⊂ R
2 and a function
f : I × J −→ R41 such that f (I × J) is an open subset of the surface S,
where
(13) f (u, v) = P0 + (u+ v)∂0 +
∫ u
0
n0(ξ)dξ +
∫ v
0
n3(ξ)dξ,
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and n0 : I −→ S
2 and n3 : J −→ S
2 are smooth curves on the unit sphere
of the Euclidean space E such that {(u, v) ∈ I × J : |〈n0(u), n3(v)〉| =
1} = ∅.
PROOF. It is well known (see [5, p. 68]) that any open neighbor-
hood of a timelike surface of R41 admits a parametrization given by
a sum of two lightlike curves
p(t, s) = P0 + X(t) +Y(s),
whereX(t) = X0(t)∂0+ Xˆ(t) andY(s) = Y0(s)∂0+ Yˆ(s), for Xˆ(t), Yˆ(s) ∈
E, and
d
dt
X0(t) > 0 and
d
ds
Y0(s) > 0,
for each (t, s) ∈ I ′× J′. We define the functions t = t(u) and s = s(v)
for (u, v) ∈ I × J such that
f (u, v) = P0 + (u+ v)∂0 + Xˆ(t(u)) + Yˆ(s(v)),
n0(u) =
d
du (Xˆ(t(u))) and n3(v) =
d
dv(Yˆ(s(v))). 
Corollary 3.3. If (I × J, f ) is given by formula (13) and w = (u, v) ∈
I × J then,
∂ f
∂u
(u, v) = ∂0 + n0(u) = l0(u) and
∂ f
∂v
(u, v) = ∂0 + n3(v) = l3(v)
are lightlike, the induced metric is ds2f = (−1+ cos θ(w))dudv, and the
normal bundle has a basis given by Theorem 2.4 and formulas (6):
e˜1(w) = cot
(
θ(w)/2
)
∂0 + cosec
(
θ(w)/2
)
e(w) and
e2(w) =
1
sin θ(w)
n0(u)×R3 n3(v),
where e(w) =
1
2 cos
(
θ(w)/2
) (n0(u) + n3(v)) ∈ S2. The immersion
(I × J,X) defined by
(14) X(w) =
∫ u
0
n0(ξ)dξ +
∫ v
0
n3(ξ)dξ,
is then a first kind Tchebyshev net.
Now we can stablish our main result:
Theorem 3.4. Let c : I ⊂ R → R41, c(t) = (c0(t), c1(t), c2(t), c3(t)) be
a given real analytic lightlike curve , and D(t) = span
{
a(t), b(t)
}
a nor-
mal and orthonormal spacelike distribution along this curve. A necessary
and sufficient condition for the existence of a timelike minimal immersion
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(I × J, f ) such that f (t, 0) = c(t) and the normal space along c(t) is
Nc(t) f (M) = D(t) is
(15) c′(t) = c′0(t)
(
∂0 + n0(t)
)
where n0(t) = π(τ(t) − ν(t)), π is the projection defined by (3), and the
vectors τ and ν are given by (1) and (2), respectively.
PROOF. The condition is necessary: if we have such an immersion,
it can be written as f (t, s) = P0 + X(t) + Y(s) and, from f (t, 0) =
c(t) it follows that c′(t) = ft(t, s) = Xt(t) for each s ∈ J, with
〈Xt(t),Xt(t)〉 = 0. The normal bundle of f (I × J), D(t, s), restricted
to the curve, ie s = 0, implies that c′(t) defines a lightlike direc-
tion orthogonal to D(t, 0). Let l0(t) be this direction. Then c
′(t) and
l0(t) = ∂0 + n0(t) must be parallel to each other. The scalar in (15) is
that one, since the first coordinate of l0(t) is 1.
The condition is also sufficient. Up to a changing of variables
t ↔ u, if needed, we can suppose that c′(u) = l0(u). This de-
fines a lightlike vector field l3 along the curve, whose first coordi-
nate is 1 and such that 〈l0(u), l3(u)〉 < 0 and the vector field n3(u) =
l3(u)− ∂0 = π(τ + ν) ∈ S
2.
Nowwe need to extend the distributionD, defined on I toD(u, v),
defined on I × J.
To do so, consider the curve
(16) α(u) = c(u)− u∂0 ∈ {k} ×R
3 ≡ E, for some k ∈ R,
and let F = {T(u) = n0(u),N(u), B(u)} be its Frenet frame. Since
F is a basis of E, there are functions p, q : I → R such that, along α,
we have
(17) n3(u) = cos θ(u)T(u) + p(u)N(u) + q(u)B(u).
In particular, p2(u) + q2(u) = sin2 θ(u).
Our aim is to provide extensions of the vector fields n0 and n3 to
I × J such that n0(u, v) = n0(u) and n3(u, v) = n3(v). For this, if
such extension exists for n3, we can extend, using the same notation,
all of the functions in the coefficients of (17) to I × J. The Frenet
formulae for α lead to
0 = −(θu sin θ)T + (κ cos θ)N + puN + p(−κT + τB) + quB− qτN,
where κ(u) and τ(u) are, respectively, the curvature and the torsion
of α. Hence the desired extensions must satisfy the following PDE
10 ANTONIO DE PADUA FRANCO FILHO AND ALEXANDRE LYMBEROPOULOS
system:
(18)


θu(u, v) sin θ(u, v) + κ(u)p(u, v) = 0
pu(u, v) + κ(u) cos θ(u, v)− τ(u)q(u, v) = 0
qu(u, v) + τ(u)p(u, v) = 0,
with initial conditions p(u, 0) = p(u), q(u, 0) = q(u) and θ(u, 0) =
θ(u) along the interval I. Since p2(u, v) + q2(u, v) = sin2 θ(u, v) the
above system is equivalent to
(19)


κ(u)p(u, v) = −θu(u, v) sin θ(u, v)
τ(u)q(u, v) = pu(u, v) + κ(u) cos θ(u, v)
p2(u, v) + q2(u, v) = sin2 θ(u, v),
with the same initial conditions. Hence, for each extension of the
function θ to I × J we have functions p, q determined.
We set
n3(v) = cos θ(u, v)T(u) + p(u, v)N(u) + q(u, v)B(u),
which depends, by construction, only on v allowing us to build the
tangent lightlike vector, l3(v). In this way the immersion f : I × J →
R
4
1 given by (13) is a local solution to Problem 3.1. 
In system (19) if θu(u, v) 6= 0 we see that θu(u, v) = −κ(u) or
p(u, v) ≡ 0, and q(u, v) ≡ 0. Since p and q cannot both vanish simul-
taneously, we have from last equation in (18) that τ(u) ≡ 0, that is α
is a planar curve.
On the other side, if θu(u, v) ≡ 0 then either κ(u) ≡ 0 or p(u, v) ≡
0. The former case says the α is a straight line in E, implying that
c(u) is a lightlike straight line in R41. Here the immersion has the
form
f (u, v) = u~l0 + v∂0 +
∫ v
0
n3(ξ)dξ.
for some constant lightlike vector ~l0. In the latter case, q(u, v) =
sin θ(u, v) and, noting that θ(u, v) = θ(v), we have tan(θ(v)) =
κ(u)/τ(u). That is, both θ(u, v) and κ(u)/τ(u) are constants. In par-
ticular α is an helix. From equation (12) in Proposition 2.5 we have
that such surfaces are planar.
We finally observe that we obtain existence and non-uniqueness of
solutions for the Bjrling problem in L3 = R31 with initial data given
by the lightlike curve γ : I → L3 and normal vector field n : I → S2,
using Theorem 3.4 with c(t) = (γ(t), 0), a(t) = (n(t), 0) and b(t) =
e4. An explicit example of non-uniqueness is in [4, p. 9].
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